Modern Computer Vision — Technion, Spring 2026 HW 1 — Theory

Homework 1 — Theory

Due: April 26, 2026

Recall: (f*g)(t) = [7° f(7)g(t—7)dr. A system T is LTI (lincar time-invariant) if T{af +3g} =
aT{f}+ BT{g} and T{f(t —to)} = (Tf)(t - to)-

Prove:
1. Convolution is commutative: f*g = g*f
2. Convolution is associative: (f*g)*h = f*(g*h)
3. Convolution is distributive: f*(g+h) = f*g + f*h
4. Delta is the identity: [f*§ = f
5. Convolution commutes with differentiation:
Liprg) = Tug = j= @
6. A system is LTI if and only if it can be expressed by a convolution: 7T is LTI <
T{f} = f*h for some kernel h.
[Hint: < is easy. = express [ using 0]
7. Gaussians convolve into Gaussians:
9or XG0y = 9, /e77e7 where g, (t) = - 1277 exp(—%)
[Hint: complete the square]
8. Repeated convolution converges to a Gaussian.

Let X1, X5 be two independent random variables with PDFs f1, fo. Define S = X7 + Xo.

(a) Write down the joint PDF of (X7, X2). What does independence let you do?

(b) Express the CDF Fg,(s) = P(S2 < s) as a double integral over the region {x; + z2 < s},
using the joint PDF from (a).

(c) Differentiate Fls,(s) with respect to s to obtain the PDF fg,(s). What familiar operation

appears?

(d) Now let Xi,...,X, be IID with PDF f, mean p, and finite variance 2. Let S, =
X1+ -+ X,. Use the result from (c) to express fg, in terms of f.

(e) State the Central Limit Theorem (CLT) for S,,. What does it say about fg, for large n?
Recall: the CLT states that (S, — nu)/(oy/n) — N(0,1) in distribution as n — oo. See e.g.

en.wikipedia.org/wiki/Central_limit_theorem.

(f) Combine (d) and (e): what does this tell you about repeatedly convolving a nonnegative,
normalized function with itself?
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