Classification Methods

MCV 97202 | Technion | Spring 2026

Based on DL4CV course, Weizmann Institute of Science
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Supervised Learning

Regression Classification
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E.g. Image denoising

Origin

E.g. Object localization
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Binary Classification

:2XNN NIApya
NN Y25 1" |DINA 50,000 TV
.D"NNXY/DMDWD

AXIND TIWN IWNA L

INIWN D'0D 'PTNND L

XN NIDY KDY NIXDT NPT
http://bit.ly/2Zrtplp

Spam Not Spam
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Binary Classification

» Samples: x; € R4, y; € {0,1}
1, spam

* x; - text message features, y; = {0 not spam

* Training Set: {x;, y;}i%,

» Hypothesis: h: R¢ — {0,1}, parameterized by 6
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Linear Classifier
function

* 0 = [W,b], hyyp(x;) =1(Wx; + b > 0)

e Assume:
Decisio\

1 boundar
X; = (X‘Z) - RZ,W (& Rlxz,b ER y

¥
Xi

0
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Linear Classifier

hg (Xl) = ]l(le +b > O)

* How to find good W, b?

* How to interpret the results? \

Wx;+b=1000 Wx, +b=20.6
= hy p(x1) =1 = hyp(xz) =1
For sure! Possibly...

* Only intuitive, not measureable
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Logistic Regression (Classification)

* Interpretable results

* Linear decision boundary

* Easy to find W, b

(o)
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Sigmoid (Logistic Function)

o(2)

Wx + b — probability !

1 _______________________________

1
Z=Wx+b=>0(z)=1+e_z 0.5
Now, our final prediction: -
 mill YA

hy p(x;) = 1(o(2) > 0.5) Wx, + b Wx;+b

Interpretation: 6(z) = Pr(y; = 1|x;; W, b)

Note: 1 — a(z) = Pr(y; = 0|x;; W, b)
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Sigmoid (Logistic Function)

Final prediction: o
hywp(x;) = 1(o(z) > 0.5) Predicting
- highe_s?
o(z) =Pr(y; = 1|x; W, b) probability
event
1-— O'(Z) — Pl'(yi — lei; W, b)
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Logistic Regression

* Interpretable results

* Linear decision boundary

* Easy to find W, b

MCV 97202 | Technion | Spring 26



Sigmoid (Logistic Function)

o(2)
hw p(x;) = 1(o(z) > 0.5) I
o(z) > 0.5
0.5
z>0

= Linear decision boundary

z=Wx+D>b
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Logistic Regression

* Interpretable results

* Linear decision boundary

* Easy to find W, b
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How to find good W, b?

* Define a convex cost function L

* L penalizes errors
* Wrong prediction, large penalty: L — o
* Correct prediction, small penalty: £L - 0

* Use gradient descent to update W, b
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Cross-Entropy Loss
 Prediction: y; = 0(z) = o(Wx + b)
* Label (GT): y;

Li=y;-(—logy;)) + (1 —y;) - (—log(1—y;))

* Is this cost function good? + Note thaty; € {0,1},y; € (0,1)

yi=0 yi=1
yi— 0 Li—0 Li = o Visual Example
yi— 1 L; = Li—=0

Finaly:

* Penalizes wrong predictions 4
e Convexw.rtW,b v
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https://www.desmos.com/calculator/ygciza1leg

Cross-Entropy Loss - Intuition

1

p(x)
* Low probability — High surprise

* High probability — Low surprise zs §

/ﬂ

Information as "Surprise": log — = —log(p)

600]!\179000 V1 et ==

Entropy = Average Surprise
H(p) = By p[—logp (0] = = ) p(x)logp ()
Average surprise when you know the true probabilities p

MCV 97202 | Technion | Spring 26



Cross-Entropy Loss - Intuition

Cross-Entropy H(p, q):
Average surprise when you DONT know the true probabilities p.

* Inreality p(x) but we have only g(x) - an approximation of p(x):
H(,q) = Ex-pl—logq (x)] = z p(x)logq (x)

(Average surprise when reality is p, but you believe q )
* Minimal whenp = q.

True label p H(p,q)

[1, 0] [0.9, 0.1] 0.105 (low — good model)
[1, 0] [0.1, 0.9] 2.303 (high — bad model)
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Cross-Entropy Loss - Intuition
H(p,q) = - 2 p(x)log q(x)

XeEX

e How is it related to us?

« Want to learn W, b, such that:

oc(Wx; +b) =3; =q(y; = 1|x;; W,b) = p(y; = 1|x;)

* Note: q(y; = O0|x; ; W,b) =1 —q(y; = 1|x;; W,b) =1 — ¥,
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Cross-Entropy Loss - Intuition

H(p,q) = — Z p(x)log q(x)

xXeX

* During training - known label.:

Dy = 1]x;) = 1;3’i=1=<f)7i:3’i=1:y.
l l 0,y;=0 |yu¥;=0 7'
=>p(y; =0[x;) =1—y;

* Finally:

H(p,q) = —p(y; = 1lx;) - log(3;) —p(y; = 0]x;) - log(1 — ¥;)
=y; - (—logy;) + (3 z yi) - (—log(1—¥;))
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How to find good W, b?

 Define a convex cost function L

* L penalizes errors
* Wrong prediction, large penalty: L — o
* Correct prediction, small penalty: £L - 0

* Use gradient descent to update W, b

MCV 97202 | Technion | Spring 26



Gradient Descent - Single Sample
x; € R*1 y. € {0,1}

Find prediction = 9; = o(Wx; + b) (W € R4, b € R = 7; € [0,1])

Calculate Loss £, =y, - (~log5) + (1 - y;) - (~log(1 — 7))

Update weights WeW—a-%=W—d°xiT(5’\i—Yi)

Update bias beb—a-%=b—a-(ﬁ-—yi)
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Stochastic Mini-Batch Gradient Descent

Repeat until convergence:
Sample a mini batch {x;, y; }}::

Calculate L; for each pair
1
L — E Zi Li

oL
WelW—-—a-—
oW

0L
beb—a-—
ob
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Supervised Learning - Logistic Regression

Learning Algorithm Training set Hypothesis

VASY =[A]

Optimization
method

Hypothesis class
H = {hll hz }
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Logistic Regression - Summary

* Binary classification Probability
Regression

* Linear (Wx + b)
 Sigmoid for interpretable (probability) output
* Predict highest probability event

* Learning:
* Cross-entropy loss (convex, penalizes mistakes)

* Gradient descent to update weights and bias
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Multi Class Classification

:2XNN NIApya
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Spam Maybe Not Spam
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Multi Class Classification

e C classes
» Samples: x; € R%,y; € [C]
(2, maybe
* x; - text message features, y; =11, spam
\O, not spam

* Training Set: {x;, y;}i%,

» Hypothesis: h: R¢ — [C], parameterized by 6
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Softmax Classifier

Similar Learning:
1. Cross-entropy loss
2. SGD

* Generalizing Logistic Regression, binary — multi-class

* Begin with Linear Transformation (z = Wx + b)

Logistic Regression

Softmax classifier

WeR™ peR

W e RXe peRC

* Apply non-linearity to transform z to y (probability)

Sigmoid (Logistic function)

Softmax

C dimensional z
zJ = j’th class
score

* Final prediction - pick the event with highest probability

1(5 > 0.5)

argmax(y)
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Softmax Function - Example

Given a text x;: Not Spam (0), Spam(1) or Maybe (2)

X; b Z e
1o 1]ol]l1 1 5 e5
o 1|of1][ 4 |dm|2|mp|o | mp|e
ol o] 1] 1] s 2 6 e6
3

y; - Probability distribution

y; [j] - Predicted probability that the class is j
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=)

Softmax(z)

1
e> 4+ e? + e®

0.02

2% Not Spam

0.93

93% Spam!

0.05

5% Maybe




Softmax Function - Formally

Converting z to probability distribution over the classes C:

z=Wx+b,z€eR"

Zl

= f@) = =

2jelc)

=9 =[f(2)°, .-.,f(z)C‘l],ny =1

JEC
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Softmax Classifier

Similar Learning:
1. Cross-entropy loss
2. SGD

* Generalizing Logistic Regression, binary — multi-class

* Begin with Linear Transformation (z = Wx + b):

Logistic Regression

Softmax classifier

WeR™ peR

W e RXe peRC

* Apply non-linearity to transform z to y (probability)

Sigmoid (Logistic function)

Softmax

* Final prediction - the event with highest probability

1(5 > 0.5)

argmax(y)

MCV 97202 | Technion | Spring 26



Softmax Classifier

Similar Learning:
1. Cross-entropy loss
2. SGD

* Generalizing Logistic Regression, binary — multi-class

* Begin with Linear Transformation (z = Wx + b):

Logistic Regression

Softmax classifier

WeR™ peR

W e RXe peRC

* Apply non-linearity to transform z to y (probability)

Sigmoid (Logistic function)

Softmax

* Final prediction - the event with highest probability

1(5 > 0.5)

argmax(y)
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Cross-Entropy Loss - Softmax Classifier

H(p,q) = — z p(x)log q(x)

xXeX

p(y; = c|x) — Ground Truth (known), ¥;° = q(y; = c¢|x) — Our Prediction

p(yi = clx;) Vi
0 Spam 0.02 2% Spam
1 Not spam! 0.93 93% Not spam!
0 Maybe 0.05 5% Maybe
H(p,q) = — z p(yi = clx;) -1og(F;) = —log(7;")
c€{0,1,2}

Goal: Prediction should be closer to GT.
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Cross-Entropy Loss - Softmax Classifier

* Generally, with C classes, training example {x;, [}

Li=H(p,q) = _ZP(Yi = clx;) -log(#;¥) = —log(#;")

ceC

p(y; =llx;) =1

Ljefc) eV
* Wish to make the loss smaller (log argument larger):

* Increase nominator — higher confidence of class [

* Decrease denominator — higher confidence it's not other classes!
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Softmax Classifier

Similar Learning:
1. Cross-entropy loss
2. SGD

* Generalizing Logistic Regression, binary — multi-class

* Begin with Linear Transformation (z = Wx + b):

Logistic Regression

Softmax classifier

WeR™ peR

W e RXe peRC

* Apply non-linearity to transform z to y (probability)

Sigmoid (Logistic function)

Softmax

* Final prediction - the event with highest probability

1(5 > 0.5)

argmax(y)

MCV 97202 | Technion | Spring 26



Gradient Descent - Logistic Regression

x; € R4 y. € {0,1}

Vi =o(Wx; +b) (W € R™*%,b e R = 3, € [0,1]) Find prediction
Li=y;-(=logy) + (1 —y)-(=log(1—-73)) Calculate Loss
0L; T 7.~
W(_W_Q.W_W_a.xi(yi_yi) Update weight
0L ~ -
b(_b_a—:b—a(yl—yl) UpdateblaS

db
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Gradient Descent - Softmax Classifier

x; € R y. €{0,1,..,C—1}

Vi =o(Wx; +b) (W € R™*%,b e R = 3, € [0,1]) Find prediction
Li=y;-(=logy) + (1 —y)-(=log(1—-73)) Calculate Loss
0L; T 7~
W‘—W—“'WZW_“'xi(J’i—Yi) Update weight
0L ~ -
b(_b_a—:b—a(yl—yl) UpdateblaS

db
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Gradient Descent - Softmax Classifier

x; € R y. €{0,1,...,C — 1}

7 = f(Wx; + b) (W € R4 p € RE, YiecYilil = 1) Find prediction

L=y, -(=logy;))+ (1 —vy;) (—log(1—-17;)) Calculate Loss
W<—W—a-%=W—a-x?(§fi—yi) Update weight
b<—b—a-ﬁ=b—a-(51}—yi) Update bias

db
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Gradient Descent - Softmax Classifier

x; € R y. €{0,1,...,C — 1}

Vi =f(Wx; +b) (W € R b € R, Yiccyilil = 1) Find prediction

Li=—2cccPi=clx;) -log(f(z) |c]) Calculate Loss
W<—W—a-%=W—a-x?(§/}—yi) Update weight
b<—b—a-ﬁ=b—a-(y\i—yi) Update bias

db
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Gradient Descent - Softmax Classifier

x; € R y. €{0,1,...,C — 1}

Vi =f(Wx; +b) (W € R b € R, Yicc¥ilil = 1) Find prediction

Li=—Y.cp(y; =clx;) -log(f(2) [c]) Calculate Loss
WeW—a- % =W —a-xj(y; — d,.) Update weight
beb—a-%=b—a-(5/\i—5yi) Update bias

MCV 97202 | Technion | Spring 26



Supervised Learning - Softmax Classifier

Learning Algorithm Training set Hypothesis

VASY =[A]

Optimization
method

Hypothesis class
H = {hll hz }
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Conclusion

* Begin with Linear Transformation (z = Wx + b):

Logistic Regression

Softmax classifier

WeR>™ peR

W e RX4 peRC

* Apply non-linearity to transform z to y (probability)

Sigmoid (Logistic function)

Softmax

* Final prediction - the event with highest probability

1(y > 0.5)

argmax(y)
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Similar Learning:
1. Cross-entropy loss
2. SGD



Pracitcal Considerations

e Mini Batches

* Numerical Stability
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Stochastic Mini-Batch Gradient Descent

Repeat until convergence:
Sample a mini batch {x;, y; }}::

Calculate L; for each pair

; _ Not effic.iellllt
L = Ezi L; sequentially
0L
WelW—-—a-—
ow
0L
beb—a-—
db
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Softmax Function - Reminder

Given a text x;: Not Spam (0), Spam(1) or Maybe (2)

W X;
1 0 1 0 1
0 1 0 1 4
0 0 1 1 5

3
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&

b
-1
2
-2

=)

| O | U1 | N

=)

=)

f(2)

e

0.02

0.93

0.05

ed> 4+ e? + ef

2% Not Spam
93% Spam!
5% Maybe



Softmax Classifier - Batched Example

Given two pairs: {x, 0}, {x,, 1}

Normalize
row-wise

WT
X1 | 5 0 110 1 0 0
x, | 1|45 |30 1]0
1 0 1
Cross-
0 1 1
entropy
loss )\
1 0 0
Y
0 1 0
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\

72% not Spam!
0.7210.27 10.01

93% Spam!

b
e |22 |

!

Z

4

Y 0.02 {0.93(0.05 l f(2)

3 2 3
5 9 6
ed | e? |e 3
05 | 9 | eb

/(e3+e? +e73)
ed | e? e 3




Mini Batches - Formally

Define X = [xq, ..., x,]T € R™*? -samples matrix
Y € R™*¢ - GT labels matrix (Each row in Y is one-hot vector)

Reminder: W € R¢*X24 p € RC
Z=XWT +b

E:RmXC
(b is added to each row)
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Mini Batches - Formally

Z=XW" +b,Z e RM*C
ERmXC
Softmax & Cross-entropy applied row-wise

Y =1f(Z)

Reminder: Weights update (single-sample):

0L
W<—W—a-an=W—a-x;-T(yi—6yi)
Weights update (mini-batch):

Wew-a-2—w-2. (7-v)x
— — R —_— —
T ow m )
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Numerical Stability

* Softmax: e can be extremely large
* Cross-entropy: y possibly close to zero = log(y;) - —©

* Many possible solutions
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